Abstract. The aim of this paper is to study the exponential symmetric product formula for the semigroup of the one-dimensional harmonic oscillator to discuss its convergence pointwise of the integral kernels as well as in norm with sharp optimal error bound.
Introduction and Results
The Trotter or Trotter-Kato product formula or the exponential product formula is a useful tool to approximate the semigroup for a generator being a sum of two operators ([15] , [12] Here the error bound O(n −1 ) is optimal, in the sense that there exists a pair of unbounded selfadjoint operators A and B with their sum H being selfadjoint such that the left-hand side of the non-symmetric/symmetric product case (1.1)/(1.2) is bounded from below by c(t)n −1 with a nonnegative continuous function c(t) in t ≥ 0, positive in t > 0 with c(0) = 0. Note that, for both A and B bounded operators, the error bound in the non-symmetric product case is O(n −1 ), while in the symmetric product case O(n −2 ).
This result applies, needless to say, to the Schrödinger operator
(ρ−δ|α|)+/2 for some constants C, C α ≥ 0 and ρ ≥ 0, 0 < δ ≤ 1. In this case, Takanobu [14] showed the integral kernels also converge pointwise uniformly with error bound O(n −ρ/2 ), using the Feynman-Kac formula. Recently we proved in [9] (cf. [10] ) that the symmetric product formula (1.2) holds even with the error bound O(n −2 ), sharper than the general optimal O(n −1 ), both pointwise for the integral kernels and in operator norm, the convergence taking place uniformly on each compact t-interval in the open half-line (0, ∞). As it had been anticipated that there be also a pair of unbounded selfadjoint operators A and B for which the error bound is O(n −2 ), this problem was thus settled.
The aim of this paper is to specifically consider the one-dimensional harmonic oscillator
to improve slightly these results in [9] . In fact, we show in the symmetric product case, apart from the non-symmetric case, that the integral kernels converge pointwise uniformly on each bounded interval (0, T ] in the open half-line (0, ∞) just with the error bound O(n −2 ). As a by-product, we also show that the error bound O(n −2 ) for the symmetric product formula in norm is optimal not only from above but also from below. It is our main aim to settle this problem on optimal error bounds. We put the symmetric product as 2(e t − e −t ) ; (1.4) this fact is crucial in the process of this paper. The proof is made in an elementary way with Taylor's theorem, first obtaining an explicit expression of K (n) (t, x, y) and then estimating its difference from K (t, x, y) .
